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Abstract
Kernel Discriminant Analysis (KDA) is the usual extension of Fisher Linear Discriminant
Analysis (FLDA) in a high dimensional feature space via kernel mapping. KDA recently
has become a popular classification technique in machine learning and in data mining. The
performance of KDA depends very heavily on the choice of the best kernel function for a
given data set and the optimal choice of the kernel parameters. In this paper, we develop a
novel data adaptive simultaneous parameter and kernel selection approach in KDA using
information complexity (ICOMP) type criteria. We achieve this by reducing the multivari-
ate input data into one dimension in order to find a range of the possible values to tune the
parameters of the kernel mapping directly from the data rather than using trial-and-error.
We tune the parameters of the kernel functions by utilizing the Mahalanobis distance of
each point from the multivariate mean (centroid), Jackknife Mahalanobis distance Data
Depth (JMDD), and the Smoothed Complexity Mahalanobis distance (SCMD). Such an
approach provides the researcher a new and novel method to simultaneously choose opti-
mal tuning parameters of the kernel functions; how to choose the optimal kernel function;
and their effect on the KDA classifier using ICOMP. We show numerical examples on real
benchmark data sets to illustrate the efficiency and the performance of our new approach
in terms of reducing the misclassification error rate.

Keywords: Kernel Discriminant Analysis, Information Criteria, Parameter Tuning; Choice
of Kernel Function; and Robust Covariance Estimation.

1. Introduction
In recent years, kernel based methods have been shown to be an excellent choice for solving
supervised classification problems. Fisher Linear Discriminant Analysis may also be ap-
plied to the same task but it is not as good at capturing the nonlinearly clustered structure
present in the data. To overcome such limitations, FLDA has been reformulated in the non-
linear space framework induced by kernel machines, while avoiding the explicit knowledge
of the nonlinear mapping [3, 27].
It is well known that the selection of a suitable kernel function is a critical issue when
nonlinear hyperplane-based methods such as Kernel Discriminant Analysis (KDA) are used
for classification. In the recent literature this critical issue is typically solved by choosing
a parameterized family of kernels, (e.g., Gaussian or Polynomial), and tuning the kernel
parameters via cross-validation (CV) [11] or using a trial-and-error method. Both of these

c© 2009 JPRR. All rights reserved. Permissions to make digital or hard copies of all or part
of this work for personal or classroom use is granted without fee provided that copies are not
made or distributed for profit or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or to republish, requires a fee and/or
special permission from JPRR.

http://www.jprr.org


Liberati, Howe, and Bozdogan

types of approaches are too time consuming and computationally very expensive due to
the high dimensionality of the feature space. Also, it is arbitrary to use the trial-and-error
method to tune the parameters which are not optimal but subjective. Moreover, there is
no guarantee that the selected kernel is the optimal choice for a classification task. So far,
several authors [20], [23], [4, 2] have proposed the linear combination of kernels formed
by a family of different kernel functions and parameters. This transforms the problem of
choosing a kernel model into one of finding an optimal linear combination of the members
of the kernel family [18]. Using this approach inflates the hypothesis space and forces us to
solve the resulting overly-complex optimization problem. The kernel selection problem has
been studied by [18], in which an iterative method for fitting KDA using different kernels
was developed. [22] reformulated this problem as a convex optimization, but they used the
misclassification rate as a model selection criteria. Of course, this is a heuristic index that
does not produce any estimates about the complexity (correlational structures) of the model
employed. Recently, [14] has proposed a quantitative measure for capturing the degree of
agreement between the kernel space and the target variable which is a more efficient method
for learning with kernels, but it has its own drawbacks.

In this paper, we introduce and develop a new and novel data adaptive approach to
choose the best parameter for the kernel mapping according to the structure of the data.
We achieve this by reducing a multivariate input data to a univariate index using the Ma-
halanobis distance (MD), Jackknife Mahalanobis distance data depth (JMDD), and the
Smoothed Complexity Mahalanobis distance (SCMD). Manifestation of singular within-
group covariance matrix in KDA is a major problem which has not been addressed in the
literature of machine learning. Therefore, in this paper, we also introduce and develop
a hybridization of a covariance stabilization method [30] along with robust or smoothed
covariance estimation of the within-group covariance matrices in KDA in order to avoid
singular solutions while performing kernel selection. Finally, a novel criterion using Infor-

mation Complexity Theory is proposed for simultaneous evaluation and selection of different
nonlinear mappings and parameters.

The rest of this paper is organized as follows. Section 2 provides a brief outline of the
Regularized KDA algorithm and the hybrid method for overcoming ill-posed covariance
estimation problems in the feature space. In Section 3, we introduce and explore several
dimension reduction techniques. Section 4 contains the analytic formulation of the infor-
mation complexity criteria and its derivation in the kernel domain as our fitness function.
Results from numerical experiments based on real benchmark data sets are shown in Section
5. Finally, conclusions and considerations for further work and developments are discussed
in Section 6.

2. Regularized Kernel Discriminant Analysis
Assume that we are given the input data set IXY = {(x1, y1), ..., (xn, yn)} of training vectors
xi ∈ χ ⊆ Rd. Let the corresponding values of yi ∈ Y ={1,−1} be the class indices of the
training vectors such that an observation is either in one group or the other. Consider
Φ : Rd → F satisfying Mercer’s conditions ([26] and [15]), which corresponds to a nonlinear
mapping of the data from the input space to a higher dimensional feature space defined by
a kernel function k(x, y) = φ(x)φ(y). The basic idea of KDA is to find the direction in the
feature space in which the projections of the two sets are such that the ratio of the scatter
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matrices (between and within classes), or the so-called Rayleigh quotient

JF =
α′SΦ

Bα

α′SΦ
W α

(1)

is maximized, where SΦ
B and SΦ

W are respectively the between and within covariance matrices

in the feature space. That is,

SΦ
B = (mΦ

1 − mΦ
2 )(mΦ

1 − mΦ
2 )

′

(2)

= (κ1 − κ2)(κ1 − κ′

2)
′,

SΦ
W =

∑

i=1,2

∑

x∈Xi

(Φ(x) − mΦ
i )(Φ(x) − mΦ

i )
′

(3)

= KK
′

−
2∑

k=1

nkκkκ
′

k,

where K = κ(xi, xj)(n×n), κk = 1
nk

∑
j∈Ik

Kj , and Kj is the jth column of K and Ik is the
index set of group k.

The kernel discriminant function f(x) for the binary classifier can be written as

f(x) = α′K (4)

= (mΦ
1 − mΦ

2 )′(SΦ
W )−1Φ(x). (5)

The classification assignment is defined as follows.
{

if |α′(Φ(x) − 1
2(mΦ

1 + mΦ
2 ))| > 0, group 1

if |α′(Φ(x) − 1
2(mΦ

1 + mΦ
2 ))| < 0, group 2.

(6)

This means that we allocate a given observation to the group to which it is closest. This is
equivalent to computing the Mahalanobis squared distance between each observation and
the centroids of each of the groups given by

Djk = (Φ(xj) − mΦ
k )′(SΦ

W )−1(Φ(xj) − mΦ
k )′. (7)

Since the matrix SΦ
W is at most of rank n−1 the proposed setting is ill-posed, and numerical

problems frequently cause the matrix SΦ
W to not even be positive semi-definite. As such,

regularization methods to overcome the singularity and instability are widely applied in
the statistical domain [17, 32]. Instead of employing ridge type estimators for the within-
group covariance matrix SΦ

W , as is usually done in the literature, here we first apply the
stabilization method proposed by [30]:

1. Find the eigenvectors (V ) and eigenvalues (Λ) of Sp = 1
n−k

SΦ
W ;

2. Calculate the average eigenvalue λ
3. Form a new matrix of eigenvalues based on the following largest dispersion values:

Λ∗ = diag[max(λ1, λ), ...,max(λn, λ)]
4. Reform the modified within-group scatter matrix: S∗

W = (V Λ∗V T )/(n − k).
In a subsequent step, we smooth the stabilized covariance matrix using the Convex Sum
Covariance Estimator (CSE) based on the quadratic loss function used by [28] and [12] who
proposed the CSE given by

Σ̂CSE =
n

n + m
Σ̂W + (1 −

n

n + m
)D̂W , (8)
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where n is the sample size and D̂W = (1
p
trΣ̂W )Ip with p number of variables. For p ≥ 2, m

is chosen to be

0 < m <
2[p(1 + β) − 2]

p − β
, (9)

where

β =
(trΣ̂W )2

tr(Σ̂2
W )

. (10)

This estimator improves upon the Σ̂W by shrinking all the estimated eigenvalues of Σ̂W

toward their common mean. Moreover, rather than just naively picking a ridge parameter,
we let the data pick it for us. In the literature, there are other smoothed, or robust,
covariance matrix estimators which improve the efficiency of the kernel solution in terms of
stability and misclassification rate. For example these include:

• Maximum Likelihood/Empirical Bayes
• Stipulated Ridge [29]
• Stipulated Diagonal [29], and others.

3. Dimension Reduction Techniques
Transforming data from a high-dimensional space to a lower dimensional space without
losing critical information is not a trivial task. In the statistical literature, there are several
techniques for learning grouping structures and reducing each multivariate measurement to
a univariate index. Based on the work of [8], in this paper we will utilize the Mahalanobis
squared distance (MSD) ([16]) of each point from the centroid of the data distribution,

MSD = (xi − x)S−1(xi − x), i = 1, 2, ..n, (11)

where S−1 is the inverse of the sample covariance matrix. The MSD can identify hyperel-
lipsoidal clusters because it takes into account the covariance structure of the sample data.
We can also use the notion of data depth discussed in [24]. We define and compute what is
called the Mahalanobis distance data depth (MDD), given by

MDDG =
1

1 +
√

(xi − x)S−1(xi − x)
, i = 1, 2, ..n. (12)

MDDG measures how “deep” a point is with respect to a given distribution G; it induces
a center-outward ordering of the sample points, if depth values for all points are computed
and compared.

Using the arithmetic mean and the usual sample covariance matrix for these computations
can present critical issues concerning outliers as masking or swamping the true data struc-
ture - a small cluster of outliers might attract the sample mean and inflate the covariance
[19]. To guard against the presence of outliers, we can apply the Jackknife Mahalanobis
distance data depth introduced by [8] is defined by

JMDDG =
1

1 +
√

(xi − x)S−1
(−i)

(xi − x)
, (13)

where S−1
(−i) is the inverse of the sample covariance matrix computed from the data set

deleting the ith observation xi. This is given by

S−1
(−i) = (n − 2)[

1

n − 1
S−1 +

γ

(n − 1)
S−1(xi − x)(xi − x)T S−1], (14)
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and where

γ =
n

n − 1
[1 − (

n

(n − 1)2
)2(xi − x)S−1(xi − x)]. (15)

In his paper, [31] showed that the direct application of the Mahalanobis distance does not
consistently identify hyperellipsoidal clusters. To combat this problem, they introduced a
regularization term which takes into account the minimization of each cluster variance in
each direction. Another regularization form for the Mahalanobis distance is introduced by
[25], but the parameter choice of the regularized covariance matrix is still an open problem.
To overcome this, in this paper we propose the Complexity Smoothed Mahalanobis distance
(CSMD), a hybridized version of the regularized Mahalanobis distance given by:

CSMDG = C1F (S∗)((x − x)(S∗)−1(x − x)), (16)

where C1F (S∗) is the entropic complexity of the regularized covariance matrix (CSE) based
on the Frobenius norm. Expressed in terms of eigenvalues λj of the covariance matrix S∗

it is given by

C1F (S∗) =
1

4λ
2

p∑

j=1

(λj − λ)2. (17)

CSMD distance overcomes the singularity problems caused by multicollinearity structures
present in the data and at the same time it takes into account the complexity of the fitted
models.

4. Information Complexity Index - ICOMP
The choice of the best mapping function is not as simple and automatic as one may think.
A useful method for selecting the appropriate kernel function is currently a major research
issue in the literature. There are many kernel functions to choose from. All kernel based
methods such as KDA and SVM classification and their performance depend upon the
choice of the kernel function. It has been shown that there is no unique kernel which is
a panacea and performs best for all problems. Here, we introduce and propose the use of
an information complexity index developed by [8, 9] as our model selection criteria. The
general formulation of the information complexity index is defined by

ICOMP = Lack of fit + Complexity term (18)

= −2 log L(θ̂) + 2C(Σ̂model), (19)

where L(θ̂) is the maximized likelihood function of the model (or the lack-of-fit) and
C(Σ̂model) is the complexity of the covariance matrix of the estimated parameters of the
model. The concept of complexity involves notions such as connectivity patterns of how
the models are related and how the components of models are dependent upon each other.
In other words, here the complexity is measured by the dependency structure of the model.
Therefore, the measure of “overall” model complexity allows us to predict model behavior
and choose the best fit, for a given finite sample, among a class of competing models with
varying parameter cardinality.
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The derivation of ICOMP for the supervised classification problem could be reformulated
in terms of a multivariate analysis of variance (MANOVA) model. Let

ygi = µg + εg, i = 1, 2..ng ; g = 1, 2, ..k, (20)

where ygi is a (p × 1) response pattern in the gth group for the ith observation, µg are the
mean vectors, and εg ∼ Np(0,Σg) are (i.i.d.) random error vectors. Under this assumption
we can easily derive ICOMP given by

ICOMP (IFIM) = −2 log L(θ̂) + 2C1(F̂
−1(θ̂)) (21)

= np log 2π + n log |ŜW | + np + 2C1(F̂
−1), (22)

where ŜW is the estimated within-group covariance matrix, C1 denotes the maximal information-
theoretic measure of complexity, and F̂−1 is the estimated inverse Fisher information matrix
(IFIM) of the model. C1 of the MANOVA model in open form is given by

C1(F̂
−1) =

s

2
log[

tr(F̂−1)

2
] −

1

2
log |F̂−1| (23)

=
kp + kp(p + 1)/2

2

× log[

∑k
g=1{

n
ng

tr(ŜW ) + 1
2 tr(ŜW )2 + 1

2(tr(ŜW ))2 +
∑ng

i=1 σ2
gii
}

kp + kp(p + 1)/2
]

−
p

2
log(

k∏

g=1

n

ng
) −

(k + p + 1)

2
log |ŜW | −

p(p − 1)

4
log(2). (24)

In the supervised classification problem of discriminant analysis, the goal is to find a rule
which allocates the most observations into the correct group. Intuitively, then, the penalty
term for a poorly fitting model would be based on the classification error rate. In the usual
case of regression, the error variance, σ2 is estimated by the mean squared (MS) difference
between actual response (group labels) values and predicted response (group labels) values.
For KDA, we have error variance given by

σ2 =
1

n

n∑

i=1

(yi − ŷi)
2, (25)

where yi are the original labels and ŷi are the predicted labels. Thus, we express ICOMP
in terms of model performance measure and relate it to the misclassification error rate as
follows

ICOMPPf = n log(2π) + n log(σ2) + n + 2C1F (ŜW ). (26)

We also have the Frobenius norm version of the complexity, which was already defined
previously. Finally, we can also express ICOMP in terms of the Alignment measure defined
by [14]. This metric cannot be employed as a model selection criteria because it does not
have a penalty term in its original expression and as such it cannot distinguish among
different models with the same number of parameters. By adding the complexity penalty
term to the Alignment measure, we define a new ICOMPA as

ICOMPA = −n log(1 − A2) + 2C1F (ŜW ). (27)
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Fig. 1: Distances boxplots Iris data.

In the literature, cross-validation (CV) based criteria have been extensively used in KDA.
CV criteria are too time consuming to execute due to the high dimensionality of the feature
space and furthermore they are computationally very expensive. As was shown in [10],
ICOMP is a clever model selection criterion to choose the best kernel function among a
portfolio of kernel functions and it provides a just-in-time decision procedure by shortening
the model selection time.

5. Numerical Examples and Results
Here we present numerical examples that demonstrate the application of information com-
plexity criteria for finding the best kernel mapping in a multivariate dataset. We also
illustrate the employment of stabilization and regularization techniques that give us stable
and robust discriminant solutions. As a first toy example we consider the well-known Fisher
Iris data. This dataset presents 3 different species of Irises: Setosa, Versicolor, Virginica.
The sample is composed of n = 150, with 50 observations for each species on 4 variables.

In order to reduce the multivariate data to a univariate problem, we use the entire sample.
We apply the dimension reduction technique we discussed in (Section 3). Using boxplots,
the results from our analyses are shown in Figure 1. We notice that the different scales
of the distances are quite evident between the the Mahalanobis squared distance (MSD),
Jackknife Mahalanobis distance data depth (JMDD), and Complexity Smoothed Maha-
lanobis distance (CSMD) in the plot. The distribution of JMDD and CSMD certainly has
shrunk towards their medians which lay in the interval [0, 2]. On the other hand, MSD
presents more dispersion in the data and it has a much larger variance than the other two
distance measures. Next, we study the shape of these distributions via the χ2 quantile
plots shown in Figure 2. By looking at the plots, we see that all three measures follow a
χ2

p−2 ([13]) distribution. In the histogram plots, while JMDD and CSMD exhibit a bimodal
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Fig. 2: Histogram graphs and Q-Q plot for different Distances.

structure which indicates different groups (or populations), the histogram of MSD shows
much less evidence of a bimodal group structure. In order to discover the best parameter
for each kernel mapping, we employed a grid search in the interquartile range [Q3 − Q1]
of each distance distribution. Thus we obtained variance estimates by leaving out extreme
observations. After mapping the data from the input space onto the feature space us-
ing the kernel trick, we regularized the within-group covariance matrix SΦ

W by using the
hybrid stabilization and regularization technique presented in Section 2. The allocations
of the observations Φ(xi) to one of the 3 iris groups is carried out by computing the mini-
mum Mahalanobis distance between the observations and the centroid of each of the groups.

We considered several kernel functions given in Table 1. For the Power Exponential (PE)
kernel we decided to fix the degree of the mapping at d = 2, and we only compute c, the
scale parameter.
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Table 1: Kernel Functions.

Kernel Mapping k(x,z)
Cauchy 1

1+
||x−z||2

c

, c ∈ R

Gaussian (RBF) exp(−‖x−z‖2

2c2 ), c ∈ R

Exp. Gaussian (ERBF) exp(−‖x−z‖
2c2 ), c ∈ R

Laplace (LAP) exp(−
√

‖x−z‖2

c2 ), c ∈ R

Multi-quadric (MULTQ)
√
||x − z||2 + c2, c ∈ R+

Power Exponential (PE) exp((−‖x−z‖2

c2 )d), c ∈ R, d ∈ N
Sigmoidal (SIG) tanh[c(xi.zj) + 1], c ∈ R+

Linear (LINE) (x · z),

The steps of the process of our analysis are as follows:
1. Get data and compute MSD, JMDD, and CSMD on the input variables (raw matrix)
2. Obtain the interquartile range [Q3 − Q1] for each distance distribution
3. Standardize the input variables and compute the kernel mapping of the data using

parameters from step 2
4. Stabilize and regularize the kernel within-group covariance matrix SΦ

W

5. Obtain the KDA solution
6. Apply the Euclidean distance in the feature space to allocate observations to groups
7. Compute the error rate and ICOMPPf

8. Repeat steps 1 to 7 for different kernel mappings.
Table 2 displays parameter values, ICOMPPf , and misclassification rates for each distance
metric. For each kernel we show only the optimal parameter values in terms of the mini-
mum value of ICOMPPf . As can be seen, the kernel mapping gave a mild improvement in
terms of misclassification rate when we used the squared Mahalanobis distance to tune the
kernel parameter. However, ICOMPPf scores were the largest (among all those shown in
this table) for all the kernel functions except sigmoid. This is because the MSD conceals the
group structure as is shown in Figure 2. The widths we selected are too large for separating
data suitably in the Feature Space.

The shrinkage we applied in the CSMD tuned the kernel parameter to a good set of
values, as evidenced by the fact that ICOMPPf decreases considerably, reaching its minimum
values across all the kernel mappings. The best kernel function for the Iris data according to
ICOMPPf score is ERBF with c = 0.3781 which gives an error rate of 0.0067. This translates
to a gain of over 66% in misclassification error rate over the Fisher Linear Discriminant
Analysis (FLDA)1.

To further demonstrate the performance of our approach as a second numerical example,
we consider the benchmark Ionosphere data2. This data set contains n = 351 instances of
p = 34 continuous predictors and a binary target variable which classifies the radar signal
into two groups (Good/Bad). On the entire data set we compute MSD, JMMD, and CSMD

1 The misclassification rate in the Iris case using FLDA without employing kernel machines is 0.02, this
rate increases up to 0.03 using the linear kernel. For these results, we regularized the covariance matrix
which can weight on solutions found.

2 The ionosphere dataset is available from the UCI repository.
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Table 2: KDA results for Iris data.

MSD CAUCHY RBF ERBF LAP MULTQ PE SIG LINEAR

c Value 3.2601 2.1838 2.1838 2.6681 2.1838 2.1838 3.2601 1
ICOMPPf 346.7591 699.5103 528.3516 332.2371 864.6732 562.7542 998.2209 2186.3
Error 0.0133 0.02 0.0133 0.0133 0.0267 0.0267 3.2601 0.0333

JMDD CAUCHY RBF ERBF LAP MULTQ PE SIG LINEAR

c Value 1.4989 1.4838 1.4838 1.7711 1.7711 1.5443 1.5594 1
ICOMPPf 300.8676 463.5590 432.8070 232.1917 851.1599 356.6593 977.9573 2109.6
Error 0.0267 0.0200 0.0133 0.0133 0.0267 0.0200 0.0267 0.02

CSMD CAUCHY RBF ERBF LAP MULTQ PE SIG LINEAR

c Value 0.3634 0.3928 0.3781 0.3634 0.3781 0.8191 1.0691 1
ICOMPPf -12.3160 69.7644 −294.1176 -259.5427 710.3241 130.7500 1079.1 2109.6
Error 0.0133 0.0200 0.0067 0.0067 0.0200 0.0200 0.0267 0.02
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200

300

400

500

600

700

V
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Fig. 3: Distances boxplots Ionosphere data.

in order to reduce the dimension of the problem. As can be clearly seen in Figure 3, this
time the CSMD does not produce the shrinkage we obtained in the previous example. For
the Ionosphere dataset JMMD gives us better performance. This is due to the fact that
there is multicollinearity in this data which impacts the C1F (S∗) term. In order to get
results comparable with the work of [14], we partitioned the data into training (80%) and
testing sets (20%) by employing a simple random sampling. Three different indices for
model selection were computed: ICOMPPf

3, the Alignment between the kernel matrix of
the training sample and its corresponding labels vector [14], and ICOMPA. The process
was repeated for 100 times in order to compute the empirical confidence interval of the
error rates. Table 3 shows the results obtained from KDA. As before, we only show results
for c values corresponding to the optimum score for each kernel mapping across all the
three distances. The criteria values and misclassification rates are the arithmetic means of
the 100 replications. Visual inspection of the table reveals that the two measures based
on information complexity give us the same best three kernels. Using these criteria, the
best kernel mapping is Cauchy with c = 2.1634. Although we obtained the same result by

3 ICOMPPf is computed for the testing sample; thus σ refers to the misclassification rate of the test data.
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Table 3: KDA results for Ionosphere data.

SMD CAUCHY RBF ERBF LAP MULTQ PE SIG LINEAR

c Value 4.6314 19.3737 32.8874 4.6314 18.1452 4.6314 18.1452 1
ICOMPPf 3596.1 3935.8 3929.6 3875.4 3916.6 9741.5 4153.8 6362.1
ICOMPA 3968.9 4246.6 4310.0 4277.1 4225.0 9462.2 4340.7 6568.4
AL 0.2574 0.0840 0.0803 0.1819 0.0759 0.0801 0.1041 0.2133
Test Error 0.0717 0.0836 0.0667 0.0636 0.0841 0.6414 0.1281 0.1233

JMDD CAUCHY RBF ERBF LAP MULTQ PE SIG LINEAR

c Value 2.1634 2.1634 6.7363 2.1634 6.2632 2.1634 6.4209 1
ICOMPPf 2929.2 3890.5 3938.1 3144.3 3970.7 16973 4184.5 6361.1
ICOMPA 3300.3 4249.3 4322.5 3520.2 4309.9 16695 4374.4 6565.6
AL 0.2877 0.2859 0.0855 0.2684 0.0538 0.0805 0.1047 0.2137
Test Error 0.0736 0.0767 0.0660 0.0687 0.0761 0.6400 0.1267 0.1240

CSMD CAUCHY RBF ERBF LAP MULTQ PE SIG LINEAR

c Value 146.849 19.326 89.6837 146.8492 19.326 19.326 54.505 1
ICOMPPf 4040.2 3936.9 3922.7 3935.8 3919.3 16973 4152.0 6.3621
ICOMPA 4457.5 4247.4 4308.1 4318.4 4223.9 16695 4341.1 6568.4
AL 0.0986 0.0844 0.0805 0.0836 0.0767 0.0805 0.1042 0.2133
Test Error 0.0599 0.0836 0.0661 0.0664 0.0850 0.6400 0.1270 0.1233

Table 4: Confidence Intervals for misclassification errors from the top 5 kernels selected with ICOMPPf .

Kernel Distance Misc. Error Train Misc. Error Test ICOMPPf ICOMPA

Cauchy, 2.1634 JMMD 0.0375 - 0.0441 0.0681 - 0.0790 2929.2 3300.3
Laplace, 2.1634 JMMD 0.0308 - 0.0361 0.0632 - 0.0742 3144.3 3520.5
Cauchy, 4.6314 MSD 0.0454 - 0.0487 0.0653- 0.0753 3596.1 3961.4
Laplace, 4.6314 MSD 0.0412 - 0.0442 0.0594 - 0.0689 3875.4 4274.2
RBF, 2.1634 JMMD 0.0569 - 0.0598 0.0713 - 0.0822 3890.5 4249.3

applying Alignment, which reaches its maximum value for the same kernel and parameter,
we have to highlight the fact that our index is more general and robust. In fact, ICOMPPf

cannot only be obtained without rigid codification for the labels but it can even be easily
computed for the multi-class tasks as we showed in the first numerical example above on
the Iris data. Moreover, the classification improvement gained with respect to cited work
is notable: with our approach, the mean test error rate is 0.0736 - we have decreased the
published error rate in the literature by more than half. In Figure 4, we see that the solution
found is stable, as the confidence intervals of the error rates are close to their means.

In Table 4, we show the confidence intervals of the top 5 kernels selected by ICOMPPf ,
across all the results collected. We notice that no matter which kernel we pick, we obtain
classification rates much superior to published SVM error rates.

6. Conclusions and Discussion
The problem of choosing the best kernel function and tuning the optimal kernel parameters
are major critical issues in the machine learning literature that have daunted researchers
for some time. Being able to identify the mapping into the feature space that optimizes
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Fig. 4: Plots for Ionosphere data: (a) test and train misclassification error rates with confidence intervals,
(b) ICOMPPf and ICOMPA values, (c) Alignment trend for Cauchy kernel.

the separation, without any subjective choice, remains the key research issue in directing
kernel-based modeling to achieve effective solutions. In the Alignment metric [14, 21], we
recognize a first step for defining an index to overcome heuristic model selection methods
(as cross-validation). At the same time, we do believe that the agreement between the em-
bedding and learning task is not enough to identify the “true” model. Alignment presents
neither a measure of the multicollinearity among variables nor overall complexity, which
is a fundamental part of the penalty term used in well-known information-theoretic model
selection criteria such as AIC [1], CAIC [5], ICOMP [6], and others. Additionally, this index
is currently defined only for binary classification; it cannot be used to solve the multi-class
problem.

In this paper, we have proposed the use of information complexity criterion as a fitness
function for carrying out kernel selection and choosing the optimal kernel parameters by
taking into account performance and parsimony of all models evaluated in one criterion
function. As we have shown, ICOMPPf has several theoretical properties which make it a
desirable index for quantifying the fit among competing discriminant functions using dif-
ferent kernel mappings. We showed that our approach can be used in binary classification
problems, and it can be easily extended also to multi-class classification problems. We can
estimate models using training and testing sets to guard against overfitting. Therefore,
ICOMPPf criterion is particularly flexible and easily derived for other learning tasks. We
have set forth an algorithm for performing KDA using an intelligent method for tuning the
kernel parameter and a robust estimate of the within-group covariance matrix in order to
obtain stabilization in DA. We acknowledge that the usage of the JMMD is computationally
time consuming - it requires time proportional to sample size. However, as we have shown,
the Complexity Smoothed Mahalanobis distance (CSMD) is also able to select parameter
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values which lead to good separation in the feature space. Moreover, we also gave the defi-
nition of the Mahalanobis squared distance in Reproducing Kernel Hilbert Space (RKHS).
This distance is superior to the Euclidian distance that is used in the Alignment method,
since it takes account the sample correlations.

The limitations of a nonprobabilistic classification obtained with the SVM approach has
been overcomed within the KDA framework. With KDA, it is possible to specify different
prior probabilities and obtain probabilistic group membership results for each observation.

A valuable extension of this work would be to derive a method for identifying which
variables in the input space are most responsible for the separation in the feature space. To
this end, we plan to introduce the genetic algorithm to carry out the best subset selection
of the original variable which are doing the separation in the feature space using ICOMP
within probabilistic KDA. The results of this work will be published elsewhere.
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